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> prove that any sequence of length 2n + 3 consisting of elements
rom the Abelian group Gn = 02 ® 62 ® G2 ® 02n (n odd) contains a
m empty subsequence with sum zero.

11s result is known for even n (by a result of P. VAN EMDE BOAS).
) G c C G .

mee G, & Z5 & 5 & o holds for any n

v the general problem, notations and connected results see Eﬂ.
le result was already known for n = 3 [2]; we will prove this
)ecial case again. As will be seen, it is not a straightforward
rollary of the proof for the general case with n > 5. The state-

mt is trivial for n = 1; we therefore assume n > 3.

e elements of Gn are denoted by volumn vectors (i], with

C G C G C
& 5 & 5 ® 5 ® 5 and x € 0

e elements a € C2 & 02 ] Cg ® C2 are column vectors thenselves;
use the following fixed designations (designation indicated

ove the column vector):

9 %10 %11 %12 B13 B9y 245 3
o o o 1 1 1 0 0 0 1 1 1 0 1 o

1 0 0 1 0 0 1 1 0 1 1 0 1 1 0
0 1 0 0 1 0 1 0 1 1 0 1 1 1 0

0 0 1 0 0 1 0 1 1 0 1 1 1 1 0

use continually the fact that 02 ® 02 ® C. ® C. is a vector
ace over the two-element field F,; see ], [2] . Doing this one

es easily:

) Any sequence of length 7 containing at most 3 linear

independent elements contains 2 disjoint zero-sequences.

[=H
~—

A sequence containing no zero-subsequences of length < L
has length < 8. It is - after a suitable choice of basis

elements - contained in the sequence (a1,a2,a3,au,a11,a12,a‘ ).
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(iii) By (ii) any sequence of length > 9 contains a zero-
sequence of length < 3. As 9 - 3 =6 > A(Gé ®C, 0 C2
we conclude that any sequence of length > 9 contains a

least two disjoint zero-subsequences.

. Any sequence in 62 & 02 ® GQ & 62 of length > 11 contains at le

3 disjoint zero-subsequences.

This follows by 3 (iii) if the length is > 11, or if the sequen
contains ay or a repetition. Suppose therefore that the sequenc
consists of 11 distinct elements # 0. We determine all these
sequences (modulo permutations and basis-transforms) by determi
all 4-tuple's of distinct non-zero elements and taking their

complements afterwards.

We have the following three possibilities:

(i) four linearly independent elements; say 8115 855 8430

(ii) three linearly independent elements and their sum;
F120 B130 Bqye By

(ii) three linearly independent elements and the sum of two

of them; say a12, a13, a1h, as.

This leads to the following sequences of length 11 consisting o

distinct non-zero elements:

AN |
(1) (3-1 33233'3’3')_,_93'5aa6:ar(:a8aa9:a1oaa15>-
Disjoint zero-sequences: a, + a, + as, a3 + a), + aips
ag + a7 + ag + a9.
vy
(ii) (a1,a2,a3,a5,a6,aT,aB,a9,a1o,a11,a15).

Disjoint zero-sequences: a,k + a, + ags ag +a, +a

1 T 10°

a_ + a8 + a, + a + a,_.

3 9 1] 15
(iii) (a1,ae,a3,ah,a6,a7,a8,a9,a1o,a11,a15).

Disjoint zero-sequences: a, + a

1 3 + a6, a2 + a7 + a9,
a. + a8 + a

7 15°




sequence in 62 ® 02 ® G2 ® 02 with length > 13 contains at

> 4 disjoint zero-subsequences.

follows by 4. if the sequence contains &, Or a repetition;
le sequence contains 13 distinct non-zero elements, say a, up

3 we have the zero-seQuences:

+ + +
g + 8y ay + a 811> 8¢ * 8 a

5

+ .
77 %02 8t B, T A

lequence in 02 ® G2 ® C2 ® 02 with length > 15 contains at
., 5 disjoint zero-subsequences.
follows by 5 if the sequence contains ay or a repetition;

e sequence contains 15 distinct non-zero elements, i.e. a, up

we have the zero-sequences:

>
a, + g, a3t g *a,n, ac+ ag + 215> 8 tata,

B2 * g3

ed to know all the possible sequences of nine distinct non-

elements. Hence we first consider (modulo basis transforms)

ossible combinations of six distinct non-zero elements:

There are no 4 linearly independent elements; the only
possible type now is (a1,a2,a3,a5,a6,a8).

There are L4 independent elements together with their sum;
type (a1 a, a3 &), &, a15)

(which is equivalent with (a1 ay a3 8) ag a15)).

L independent elements, no sum of 4 or 2 elements;

type (a1 8, a3 au,a11,a12).

4 independent elements, no sum of L elements, sums of
three and two elements;

type (a1,a2,a3,ah,as,a11)

(a1,a2,a3,ah,a7,a11) is equivalent with (ii).




(v) 4 independent elements, no sum of 3 or 4 elements;
type (a1,a2,a3,au,a5,a1o)
(a1,a2,a3,au,as,a6) is equivalent with (iv).

We may take the following equivalent sequences:
(i)' (a1h3a’13,a123a5’a65a8)' 5

(a1h’a13’a12=a11’ajs’a1o)5

(iii)' (a1saa1uaa13’a12aa1oaa9) 5

()t (ay5saqysaq5080840087) 5

(v)! (858135815581 158558,0) -

By passing to the complements we get a complete set fo represen s
for the collections of 9 distinct non-zero elements in Cs ® C, ! Gyt
(1)" (81285:83,8)580,80,814:8,1,8,5);

(ii)" (a1,a2,a3,ah,a5,a6,a7,a8,a9) ;

(1ii)" (a1,ae,a3,ah,a5,a6,a7,a8,a11) :

(iv)" (a2,a3,au,a5,a6,a7,a8,a9,a11) 5

(v)" (a1,a2,a3,ah,a6,a7,a8,a9,a15) .

(v)" contains three disjoint zero-subsequences:

a, +a, + ags 85 + a), + a9, a7 + ag + a

1 3 15°

We need a survey on the possible subcollections of T distinct nc
zero elements from G2 ® Gg ® 02 ® 02 . Starting with the collect

(i) - (v) from T, we find the following possible extensions:

From (i) (1) (a1,a2,a3,a5,a6,a8,a11)
(all other extensions contain L4 independent
elements).

From (ii) (2) (a1,a2,a3,ah,a15,a11,a12);

(3) (a1a32,a3,ah:a15:a11sas) H
(L) (a1,a2,a3,ah,a15,a11,a10).




(1ii) ) (815855855858, 5815,83);
) (a1,a2,a3,ah,a11,a12,a5) :
) (a1,a2,a3,ah,a11,a12,a10);
) (a1,a2,a3,ah,a11,a12,a8) .
(iv) (9) (a1,a2,a3,au,a5,a11,a6) 5

10) (a1,a2,a3,ah,a5,a11,a7) :
(11) (a1,a2,a3,ah,a5,a11,a10) .

(V) (12) (ag,8p,85,8,58558,0,8) -

of these combinations are equivalent:
king the basis (a1,a2,a3,a15) (4) is transformed into (2).
(5) up to (12) we may reject all combinations containing the
£ L independent elements as these are equivalent to (2) or

. - N )
For example in (12) we have 8 =&, *ag *tagta hence
is equivalent to (2) or (3). (In fact (12) ~ (3) by taking
asis (a2,a5,a1o,a6)).
ame happens in (7), (8), (10) and (11).

+a_+a

= +a_.+a, + = ; =
otBgT8 58 s B TAgTE)TE HT8g s A AN e tas=a, , a tayte YAy,

T 1

smaining sequences are

(31’329339au3a119a129315) = (2)§

(a1aagaa3:ahsasaa6aa11) = (9)5

|
—
\n
~
-

(a1,85583,:8),,8,,815,83) =
(a1aa2:a3sa5aa6sa8aa11) = (1)5
(a1’a2’a33ahaa5’a11’a15) = (3);

(a1,a2,a3,ah,a5,a11,a12) = (6).
(v) and (vi) each contain two disjoint zero-subsequences:

v) a, +a. + a az +tag +tagta

1 2 5° %3 11 3

) aptaytag, ey ta ta ;

+ a, + a

1 o 59 + a.,.

i) a az * g *+ay, 12

3




se six sentences form a complete set of representatives of all
sible sequences of length T consisting of distinct non-zero

ments.

Gn any sequence of length n - 1, without zero-subsequences
sists of a fixed generator g of Cn taken n - 1 times. For a
uence of length n - 2 without zero-subsequences there are two
sibilities: either the sequence consists of a fixed generator
aken n - 2 times, or the sequence contains a generator g n - 3
es and the element 2g exactly once.

hort zero-sequence in C is a zero-sequence of

5 & 02 ® 02 ® C
gth 1 or 2. Any 02 ® 02 & C

o ® C2 - seiuence of length > 16
tains a short zero-subsequence; hence any sequence of length

+ 3 contains at least n - 6 short zero-subsequences while the
aining elements (at least 15) contain another set of 5 disjoint

o-subsequences. Together this gives at least n - 1 zero-sequences.

S be a Gn—sequence of length 2n + 3 and let m be the projection
G ' . = .
n Gn onto C2 ® oy ® 02 ® 02 Let A = m(8)
A contains n disjoint zero-sequences, then S itself contains a

>-sequence, as n > A Cn'

n now on we assume that A contains only n - 1 disjoint zero-

gences, say nS1, cees ﬂSn_ . The [S1|, caey |Sn—1| are n - 1

1
nents in a subgroup H C.Gn which is isomorphic to Qn. These

nents generate a zero-sequence except for the case that

| = |82| = .. = |Sn-1| = g for some generator g of H.

H= 0

a . .
= C ).
}J € G, | a =a. ) we identify H and n)

1 is an odd number, we may take g = L.




1 A there are the following possibilities:

there are n - 6 disjoint short zero-sequences + 15

distinct non-zero elements;

there are n - 5 disjoint short zero-sequences + at least

13 distinct non-zero elements;

there are n - L4 disjoint short zero-sequences + at least

11 distinct non-zero elements;

there are n - 3 disjoint short zero-sequences + at least

9 distinet . non-zero elements;

there are n - 2 disjoint short zero-sequences + at least

7 distinet non-zero elements.

ise with n - 1 disjoint short zero-sequences + at least 5
1ct non-zero elements is not interesting as these 5 elements
in another zero-sequence; hence A then contains n zero-sub-

1ces.
or small n some of these cases may be absent!

ve treat each of these five cases seperately.

> sequel we may assume that all X occuring as Cn—coﬁrdinate
element from S, are different from zero.

ppose that S contains an element b%}.
0

rput b, =a,. As 2n + 2> A (02 ®C, ® CZn) we are sure that
:maining 2n + 2 elements contain a subsequence T with sum

vhere a + a_ or a Indeed, let p be the projection

0 1°

C C , C C i
& G, 6 5 ] C2n > C2 ® ® on defined by

2 2
a
32 a2
o) a3 = a3 .
&y &),
X X




The remaining 2n + 2 elements are mapped by p on a sequence which
contains a zero-sequence pT. Now T has a sum which is contained in
kernel of p, that is, in { aé}, [é{]}.

0

But then either T or T v {la{]} is a zero-sequence.
0
Case a.
Case o has meaning only for n > T.
Any zero-sequence of length 3 in A is member of a set of 5 disjoint
zero-subsequences in A. Hence any sequence S' of length 3 with
|mS| = 0 must satisfy |S| = Bﬂ. Let S consist of n - 6 short zero-

sequences and the elements

111221 123] 2] ]%s| |%6] | 27| |28 | 9| |®10] [*11] | 12| |®13] | 210 ]| ®15

%l 53] 1] 5] %6 ] | %7] %8| | %ol [Z10] | *11] | X12] | *13] [%10| [X15]

This gives us the following relations:

1] X, * Xy b Xy =X, F ot Xy = X, b oxgbox,, 0=
x2 + XT + x12 = x3 + Xh + XTO = Xh + x5 + x12 =
X) ¥ Xg X3 = Xg F X ¥ Xg =X b X, bxg =
Xg * Xg * X1 = L.

From these we derive:

(x2+x3+x8) + (x2+xh+x9) + (x3+xu+x10) 8 + (x8+x9+x1o)
hence x, + X3 * x) = L, i.e. Xg = Xy, Xg = Xy, Xg0 = X,
and x) + X+ Xig =X X+ X = 4, i.e. X5 = X5

Furthermore (x2+x7+x12) + (xu+x6+x

+ + =U4; i.e. =
hence x, + x¢ Xq by i.e Xe = X




Ly (X2+x3+xh) + (x2+x6+x7) + (xh+x5+x6) = (x5+x7+x3) + 8;
2(x2+xu+x6) =8, i.e. X, +x), + xS L,
‘ore x6 = x3, x5 = x2, xT = xh.
1sion:
x2 = x5 = X1O = X13;
x3 = Xg = x9 = X453
x), = X7 = Xg T X443
Xo * X3 ¥ x) = o
=0 or x3 = 0 or x), = 0, S contains a zero-sequence, as
15 + a1o + a13 = a3 + ag + a9 + a5 =a) + a7,+ ag + a,q = 0.

we may assume X, # 0, x3 + o, x), + 0.

:ro-sequence a,, a5, &g, &g is member of a family of n - 2
.nt zero-subsequences (containing the n - 6 short zero-sub-

i1ces and 3 in the remaining 11 elements a up to a,_).

1° T 15
o * Xyt X+ Xg € (4,8}, i.e. X, + X3 € {2,4}. simmilarly
o *Xg * X € {4,8}, i.e. Xy + x), € {2,4} and

g, *oxg * X1O€ {4,8}, i.e. X, *+ x) € {2,4}.

ah, a

X

+ X = h = x) = 0 quod nonj; hence X, + Xy = 2. Simmilarly

g = x3 + x) = 2. Hence X, = x3 =x) = 1. This is a contra-

m as 3 ¥ L4 (mod n).

)

3
} has meaning only for n > 5.
consist of n - 5 disjoint short zero-sequences and the 13

1ts &y, UP to a

13"
}
a; = 0, any zero-subsequence of length 3 in (az,...,a13) is
)
» of a family of 4 disjoint zero-subsequences (by 3(iii) and

02 & C, @ 02 & C.)+ 1),

2 2




10

s leads us once again to the equations [i], which have been
ved to be contradicting in case a. These equations can be
ived also in the case n = 5, although then there are no short

o-sequences in A.

e y.
e Y has meaning only for n > 5; hence there exists a short

o-sequence. By (4) there are three subcases, depending on the

e of the sequence of the remaining 11 elements:

). Remaining elements:

a1 8.2 a3 ah as a6 a7 8.8 a9 8.,] 0 a1 5
) X3 X)-I» X5 X6 XL7 X8 X9 j{,‘ Q_ -X_I 5

1
Z a; is a zero-sequence. Hence any zero-subsequence of

i=1
,...,a1o) of length 3 or 4 is member of a family of three

joint zero-subsequences.

s gives the following equations:

;J A + XS =x_ + X + Xg =x, + X, + x7 + Xg =L
i.e. x, + X, = x7 + x9 = x5 =2
X, * X, + X5 = X, + Xq + xg = X, + X + Xq + xp = i
.. + = + = =
1.e x2 X x3 X6 x1 2
+ + = + L+ = + + + =
x X, * X X, * X+ Xg = X, x5 Xy + Xg i
1.e x1 + x_. = x3 + x8 = x2 =2
result x, + X, = x, = x_ = 2 is impossible.

1 2 1 2

i). Remaining elements:

a, ol 23] 25| |26 (27| |28 ag| |21 ré11 815
s ] ] s s s s | ., > .
X, X7 %3 7| X | T Xp| T ¥ _?8 XQ_ %10 1A1l x1z




1

1e whole sequence is a zero-sequence and the equations [ilﬁ]

: derived again.
. Remaining elements:

L a a a)yl |ag a7 ag a9 a0l (217 a15

H b b b b 9 E] .
3 e xé- XT Xg x9 X0 .f11 x15
;ime we don't have a collection of three disjoint zero-
ices containing a zero-sequence of length 4. By 3(iii) any
iequence of length 9 contains three zero-subsequences of
. 3. By searching all pairs of elements with sum

+ + + + + +

a, + a, + ag +Lah ag a7 ag t 8g * a5t ayy a15 we
nd all these zero-sequences of length 9.
. = + = + = + = + “ i
e a,, a1 a9 a, aT a3 a15 a10 a,, From this
iclude that any zero-sequence of length 3 is member of a
- of three disjoint zero-subsequences of length 3, for a

«ce of three element cannot contain a member in each of the

'S {a1,a9},{a2,a7},{a3,a15} and {a1o,a11}.
we have the following equations:
= + + = =
x1 + x3 + x6 x1 xh x7 x1 + x8 + x11
= + = =
x2 + x3 + x8 x2 xu + x9 x2 + x6 + x11
+ + = + + = =
x3 X, * X, =X X x15 X6 + x7 + X0
+ + = + + =L,
Xg * Xy + X5 = Xg + Xyt X, L
+ + = + + = + + = + =
ot Xy HXg =Xyt X)X Xyt X)X = xg Xg + X4 I

ive as 1n 12: x2 = x10, x3 = x9, x), = X8’ X5 + x3 + xl‘l =L,

arly X, + x3 + Xg = X, + X), + XT = x3 + X), + X1O = X¢ + x7 + x10 =

Xg = X)» x7 = X35 Xo9 T X,




The remaining equations bec

N

X+Xu+x

1 1N

x) *tx + x. _ =L

3 15

Hence X, = X5 = X1O = x15,

By considering zero-subsequ

+
X,] +X3+X,.{ X1O

Xp t Xy ¥ xXg T g

X, + Xh + x8 + X

3 9

Hence X5 + x3, X5 + X, and

+ =
Now a1 + a2 + a1o a15 a

Hence L . x, + 0 and b4 . X4

Therefore 2 = x, + X Fha

X, = X

2 3°
Now either x2 = x3 = 1 and
2 = X, + x), = 3, or X, = x3
As (a1,a2,a10,a15) and (a3,

x, +x, +Xx + X

1 2 10 1

X, + X, + X + X

3 T 9 1

h X, = 8 =14 x_ (s

3
Thus the equations lead to

Case §.

Case § has meaning for n >
zero-sequence in A. Therefo
values of subsequences of S

disjoint.

radict

ever f
may co

A-valu

h (ag,ah,a9)
h (ag,2),a,

h (a6,a7,a10

it follows t

e contradict

we have

t simultaneo

re is no sho
ity for two
if they are
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" we conclude that we have 5 different subcases depending of
rpe of the 9 remaining elements. In case 7 (v)" the remaining
»f A contains three disjoint zero-subsequences; hence A conte
joint zero-subsequences, and we conclude that S contains a

sequence.
7e treat the four remaining subcases.
Remaining elements:

a a a au a a a

1 o 3 71 %9 10| |#11] |B1s
X x 2 x b X bl x b x ] x b x X .
1 2 3 i T 9 10 11 15

re the following equations:

s T Xy S KRk K, g = Xk g = by
Xp1¥Kgs T KPR PG S gRagh i g S g g = by
Kty T EGERER ) S XgRapbodxg = b gk = b
x), = x1 + x7 =X, + x9 = x3 + x10 = x11 + x15.
:rmore we have

Xg T Xy P Kyg VHyg T X3 T Xp VA F Ay =g,

x1 + x3 + x9 + x15 = x2 + x7 + x10 + x11 = r2,

X5 + X3 + x7 + x15 = x, + x9 + X0 + X = r3, and

X, +x, ¢+ Xz * X< Xq + Xg + X0t X5 = 1)
X, +ox, * Xg + 3 X5 = x7 + x9 + X0 * 3 X,
ore L X5 = L X, = Xig = Xyq = 1, x), = 2.
» may write X, = a, X, = b, x3 = c,

x7 =2 - a, x9 =2 -Db, X1O =2 - c.




1k

n = 3 we have a + 0 + 2 - a, hence a =2 -a=1;

in the same way: b =1, ¢ = 1,

1
we conclude again that ¢ = 1, and similarly that a =

n>3we have r, = 4 = ) hence a + b+ c=a + b +

both cases we have Kobxy FX b hx
27X I

g xR = 6 & (4,8}, whi s

t S admits a zero-subsequence as a. + ah +a, +a, + a

3 T 9 0’

i)" Remaining elements:

ol |23 |2l |2s| |26 ar| lag| |&g
’x23x33x)+’x’x6’x’x8’x'

have the following equations:

+ + + + + = + + = + X +
X, ¥ X5+ X, =X X Xg = X, * X) + X X 3 Xgs

1 3

i il
+ X5 + Xg + Xg = x5 + x7,+ x9 X,
! I

+ + + = + = + =
X), x5 x9 X5 X3 + Xxg X, + x), x7 X, + X3 + X¢
ce we conclude that X, = X4 + X5’
X, = X5 + x5,
= + .
x5 X, X,
refore x1 + X, + x5 = 0. Thus S has a zero-subsequence
+ = .
+ a, a5 a,

ii)" Remaining elements:




15

re the following equations:

<3 + X5 + x6 = x1 + xh + x7 = x3 + x5 + x11,

<5 + x6 + x11 = x2 + x3 + X8 = x1 +vx2 + x5 »

< + x3 + X1 = x5 + X¢ + Xg = X, + X), + x7 =

c3 + x5 + X¢ = X, + Xg + X1 = x2 + x), + x5 + x7 =
<3 + x6.

fore x2 + Xg = x11, X6 + x11 = x2, X, + x11 = X¢5

x, + X¢ + x,., = 0, which leads to a zero-subsequence as

2 11

+ = .
6 T 2117 %

' Remaining elements:

8,2 8.3 au 8.5 8.6 a,_( 8,.8 8.9 a1 1

2 2 2 2 2 ] 2

A MEIMEN x5 Xg x7 Xg x9 x11
re the following equations:
s + x9 + x11 = X5 + x3 + Xg = x5 + x7 + x9 = X5 + X¢ + X4

X, + Xh + x. *t X x, + X6 + x8 + X

2 > T 3 11

X, + xu = x_ and x

9 2
ch + xu + x2 and Xh

5 Xh + x9, l.e.

0.

the sequence contains a zero-subsequence.

: has meaning for n > 3. Even for n = 3 there exists one
zero-sequence in A. Hence we may conclude equality for the
1es of two subsequences having A-value zero.

shere are six possibilities for the remaining seven elements.
:d only to consider the first three of them as in the other

A contains n disjoint zero-subsequences.




16

- first two of them can be treated as before; in case e(iii)

re are unexpected difficulties.
) Remaining elements:

a a

1 2 30 |2y
o %3] | *u

)

1] |%12] |%15
b 2 ] .

1] [ *12] [*15

»

have the following equations:

= + = +x -+ = : =
X o) X Xg+X o+, g X) ¥R 4; hence X5 2
= + + + = = H =
x12+xu+x11 N;x1 X, X x12 x1+x2+x3 +x11 4 hence x1+x2
e TR R pTR R K = X Rt 15+ xg*x) = 4; hence X Xy *x

s is contradictary.

i) Remaining elements:

have the following equations:

Xgtay = XgtXghXotxs = X tXyHKo = kL; hence Xotxg = 25
XXy = XX ¥Xo4K, S Xpbx,+x, = 4; hence Xg = 2,
Xg+X, = 3+x5+x = x6+x1+x5+x11 = L4, hence Xq = 2,

s is contradictary.

ii) Remaining elements:

11 |22 3-] &hl 1211 |®12] [®13
b P .
INEANN =IBRIN RN R EEE

»

s case turns out to be the most nasty of them all, calling for

borate considerations; let's call it the CASUS PERDIFFICILIS.
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*ticular,we are again forced to consider the cases n = 3 and

seperately.

;her case we have the following equations:

= + + + = + + =
c2 + x3 + x11 x1 x2 xh x12 x1 x3 xh + x13
G F Xy P Xy T X Ay T X, A K3 T Ay F X Xy X3 S
< .t X, ot x,., = b

11 12 13
X, =X, = x3 =X, T Xy = X5 = X3 =1,

iny 1 add the four terms containing Xs and subtract the three

not containing x;3 result: L x; = h).

PERDIFFICILIS, n = 3.

> have exactly one short zero-subsequence in A.
This short zero-~sequence has length 1. Then the remaining
elements contain an eigth element i .

If a = ay or a € {a1,ae,aB,au,a11,a12,a13} we have two
short zero-sequences in A and therefore A contains three

disjoint zero-subsequences and S contains a zero-sequence

also.

a=a,. Now as before we derive x = 1 (by interchanging

a3 and a1h).

S is equivalent to:

1is is a (primitive!) zero-sequence.

a ¢ lagsas8y,8558) 581158, 5,85:8,), )
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By 3 (ii) the remaining 8 elements contain a zero-sequence
of length 3. As there is another zero-sequence among the 5
other elements, A contains three disjoint zero-subsequences

and we are done.

) The short zero-sequence has length 2. Now S is of the type
a a a, asl lag| |ay| |aqy an| |23
1 1"
X | _x__ X, X5 |X3] [ Xyl %97 X0l %43
Furthermore, we have x' + x" = 4 = 1. Hence either
x'=x"=2o0orx'"=0o0r x" =0, If x' =0 or x" =0 we

are through by 11.

It is easy to see that any element (i=0,...,15) is

i
1
the sum of a subsequence of length 1, 4 or 7 of the 7
remaining elements. This guarantees, for every value of

a, the existence of a zero-sequence in S.

SUS PERDIFFICILIS, n > 5.

is case is treated as the case (2) of 17. If there are > 2 short
ro-sequences in A of length 1 we see that A contains > n disjoint

ro-subsequences and we are done.

A contains n - 2 > 2 short zero-sequences we certainly have a
ro-sequence of length 2 in A; this short sequence we join to the
mainder of length 7; thus we write A as a collection of n - 3
ort zero-sequences, and a collection of 9 remaining elements, of

e following type:

a{] a, a3 ayl |aqq a0l |aq3] |2 a
) s ’ ) s |- s | - s s s .
v K 1 x'| [x"
have x' + x" = L. Furthe the x-sum of any subsequence with
sum & is equal 4 or 8, the latter value being excluded if the

bsequence belongs to a pair of disjoint subsequences with A-sum




19

ne element - a is the sum of < 3 elements from the collection

2,a3,ah,a”,a12,a13}. Say ai1, cees air.

a a. a
fore T]s sees r|, is a sequence of length i_h with
1 1 x'

The remaining > 5 elements contain another sequence with

a..
0

a, hence x' + 1+ ...+ 1= 4., Similarly we have
+

n

1 ... + 1 = L4, Therefore x' = x", which implies x' = 2 = x".

; {a1,a2,a3,ah,a11,a12,a13}, then (*) contains a subsequence
a
0
sum [;:‘ and length 2. As 3 # 4 (mod n) we are done.

= a1h then we have

a a au a8 a

= a . As 5 § 4 mod n we are through

ve also a, + a, + a3 + a.11 0

1 2
ls case also.

= 315 we have
a a a a a. | a
1, 2 + 13 4 L + 15| _ |70
1 1 1 1 2 6

is impossible as k4 # 6 $ 8 (mod n).

amaining cases are a = ags 8g» 8y ags ggs 810 By symmetry
irst three and the latter three of these are equivalent.

5 implies that S contains a zero-subsequence as

a a a_ a a
0o, 1213, B 2 [P ¢{ o |0 } ’
1 1 1 2| |6 y | |8

= a8 leads to

-+
+
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\V]

a a a a a a a
. NI EE =o¢{o, o}’
1 1 1 2 6 i 8

ich again implies the existence of such a zero-sequence.

is completes the treatment of the CASUS PERDIFFICILIS.

nal remarks.

" the dimension of the group is enlarged by 1 a situation similar
the CASUS PERDIFFICILIS leads to an example of a group G for
ich the statement G! is false. The smallest example of such a

oup (with respect to the number of elements) is the group

= G2 ® 62 ® 02 ® 02 ® 06.

st consider
02 1 0 0 0 0 1 1 1 1 0
C2 0 1 0 0 0 1 1 1 0 1
C2 0 0 1 0 0 1 1 0 1 1 5
C2 0 0 0 1 0 1 0 1 1 1
C2 0 0 0 0 1 0 1 1 1 1
G3 1 1 1 1 1 1 1 1 1 1

is is a sequence of length 10 > A(G) = 9 which contains no zero-

bsequence.

e calculation above tempts one to expect that the statement
! ! > . . .
5 ® 02 ® C2 ® 02 ® an). will be true for n > 5. A verification

this conjecture, however, will probably be time-consuming.
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